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Abstract 

We reconsider the general constraints on the perturbative anomalous dimensions 
in conformal invariant QFT and in particular in M = 4 SYM with gauge group 
SU{N). We show that all the perturbative corrections to the anomalous dimension 
of a renormalized gauge invariant local operator can be written as polynomials in 
its one loop anomalous dimension. In the J\f = 4 SYM theory the coefficients of 
these polynomials are rational functions of the number of colours N. 


1 Introduction and summary of the results 

In a conformal invariant quantum field theory (CFT) in which the conformal operator 
product expansion (OPE) holds, all n-point correlation functions are completely deter¬ 
mined if the following two ingredients are known: 

- the spectrum of the conformal (scale) dimensions A(g 2 * ), or equivalently the anoma¬ 
lous dimensions 7 (g 2 ) = A(g 2 ) — A 0 of all the operators; 

- the OPE structure constants and the normalizations of the 3-point functions of the 
operators 1 . The structure constants determine in particular also the “Fusion rules” i.e. the 
(conformal families of) operators that can appear in the product of two given operators. 

Following the conjectured AdS/CFT correspondence jT], CFT and in particular Af = 4 
supersymmetric Yang-Mills (SYM) theory has been extensively studied in the last sev¬ 
eral years. Considerable progress has been achieved both in understanding the general 
structure of the theory and in the determination of the spectrum of the anomalous di¬ 
mensions. In particular the complicated structure of S77(2, 2|4) supermultiplets has been 
understood 1210 ] and a classification of the various shortening conditions was obtained 
mum- Non-renormalization theorems for various types of functions have been proven: 
for 1/2 BPS operators [7], as well as extremal jS] and next-to-extremal correlators [5]. 
The implications of the superconformal Ward identities have also been investigated in 

detail 1101 nn H 3 - 

Explicit calculations of 2-, 3- and 4-point correlation functions (mostly of protected 
1/2 BPS operators) have been performed up to order g 4 [HU IT31IT51 ITT)! IT71 [T%1 IHHI2U112T] . 
The simplest 4-point correlation functions involving non-protected operators (the lowest 
component of the Konishi supermultiplet) have been computed in [221 (23.) • All these 
computations confirmed (at least up to order g 4 ) the predicted finiteness of the corre¬ 
lation functions of gauge invariant operators, and the resummation of the perturbative 
logarithms in powers, but they also demonstrated a complicated mixing pattern for the 
operators in the theory. 

The spectrum of anomalous dimensions and the related mixing problem has been 
investigated by (essentially) three different approaches: 

- by explicit perturbative calculations of 2-point functions at order g 2 , g 4 and recently 

for the Konishi multiplet also at order g 6 |2H 123123123123123123133133132] ; 

- by OPE analysis of 4-point functions [HI HH1H3113133 H3123123123 > 

- by explicit diagonalization of the action of the Dilation generator 3H El 33 133 3E 
i3TT . This approach, which (in principle) gives all anomalous dimensions at order g 2 pffij . 
combined with the integrability assumption in the planar limit (N —> 00) predicts the 

1 These two quantities are related by the normalizations of the 2-point functions of the operators, 

which are arbitrary. Only the ratio of the square of the normalization of the 3-point function and the 

product of the normalizations of the 2-point functions has a invariant meaning. 
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values of some anomalous dimensions up to order g 12 . 

To summarize, we have a lot of data at least for the first several perturbative correc¬ 
tions to the naive scale dimensions of many operators. Less is known, however, for the 
general structure of these perturbative corrections. 

In this paper, rather than performing explicit perturbative calculations, we shall re¬ 
consider the general constraints on the perturbative anomalous dimensions in any CFT 
and in particular in J\f = 4 SYM with gauge group SU(N). The main result of our analy¬ 
sis are two properties, which we call Universality and Rationality. To formulate them we 
need the following definition: Let {Oi}, i = 1,..., d, be a complete set of gauge invariant 
bare operators which have the same tree level quantum numbers and thus can mix among 
themselves. The counterpart of this set, after resolving the mixing in the interacting 
CFT, are exactly d renormalized operators Ok, k — 1 ,,d, with well defined anomalous 
dimensions. We define a Class of renormalized operators as the set {Ok} which contains 
all the operators Ok , k — 1,..., d, corresponding to the same set of bare operators {Oi}. 
It follows that each renormalized operator belongs to exactly one class 2 . We shall prove: 

Universality : In a finite CFT, the anomalous dimensions of any renormalized operator 
Ok can be written as a polynomial 


7 k{g 2 ) = w i (9 2 ) ( 7 ^) • (!) 

e=o 

Here 7 k(g 2 ) is the complete (perturbative) anomalous dimension of the operator Ok, 7 ^ 
is its one loop (order g 2 ) anomalous dimension, and d is the dimension of the class of 
renormalized operators {Ok} to which Ok belongs. The functions W£ ( g 2 ) are universal, 
i.e. they are the same for all the operators in a given class of renormalized operators. For 
two different classes of renormalized operators, these functions in general will be different. 

Rationality : In AT = 4 SYM theory with gauge group SU(N ) the coefficients W£ ( g 2 ) 
in eq. Q will depend also on the number of colours N. The functions w>i ( g 2 , N) have 
a power series expansion in g 2 with coefficients that are rational functions (i.e. ratio of 
polynomials) of the number of colours N. I 11 other words for all p the order g 2p anomalous 
dimension of the operator Ok, 7 j. P \ can be written as a polynomial in 7 ^ with universal 
coefficients, r^ p \N), rational in N 

7?> = E r?(l V) (-,«)' . ( 2 ) 

_ 1=0 

2 The partition of the space of operators in classes should not be confused with the supermultiplet 
structure in Af = 4 SYM. The members of the same class of renormalized operators can belong to 
different supermultiplets. Moreover they can be superprimary as well as superdescendants. 
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Similar considerations apply for the normalizations of the n-point functions in the 
theory, which also can be written as polynomials in the one loop anomalous dimensions 
yd' of the respective operators. 

As an explicit illustration of these considerations we present the rational (in the sense 
of eq. ©) representation of the order g 3 4 anomalous dimensions of the scalar operators 
of naive scale dimension A 0 = 4 in the 20 ' representation of the 577(4) R-symmetry in 
M = 4 SYM theory. 

2 Anomalous dimensions in conformal field theory 

We shall first recall some relevant general properties of the 2-point functions in a conformal 
invariant theory en- Let the scalar 3 operators Oi(x, e), with i = 1 be a set of 

bare regularized (by point-splitting with separation e) operators which can mix among 
themselves, hence they have the same naive dimension A 0 4 . The tilde in Oi(x, e) denotes 
that these operators are properly subtracted, as discussed in pTT] . We want to resolve 
the mixing problem and find the corresponding anomalous dimensions. The result of the 
perturbation theory calculation will have the form 5 

= (3) 

where f tJ is the non-vanishing (either divergent or finite) in the limit e —> 0 part of the 
correlator. It is a hcrmitian matrix depending on the operator basis we have chosen. 
Actually, since complex operators come in pairs with the same anomalous dimension we 
can always choose a basis in which is real and symmetric. 

The renormalized operators from the class {Ok}, k — 1,... ,d, which have well defined 
anomalous dimensions 7 k(g 2 ) are linear combinations of the bare operators Oj 

d 

O k (x, fi) = ^ z kj(t 2 H 2 -, 9) Oj(x, e), (4) 

3 = 1 

where the auxiliary scale // is the subtraction point, and Z is the invertible mixing matrix. 
In the basis in which fij is real and symmetric Z has the property = Z T , where the 

3 We choose scalars just for simplicity, the case of operators of arbitrary spin is not essentially different. 

4 This, together with the equality of the spins of the operators, is only a necessary condition for mixing, 
in particular cases the operators have to satisfy more conditions, e.g. in the case of JV = 4 SYM they 
have to belong to the same 517(4) representation. 

5 Although to simplify the formulae we shall write all the relations as depending on only one coupling 
constant, g , the generalization to the case of several perturbative coupling constants is straightforward. 
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superscript T means transposition. Scale invariance implies that the two-point functions 
of Ok(x, n) have the form 


(6 k (x,fi) 6\{y,p)) 


M k (g) 

[{x-y) 2 ]^[{x-y) 2 p 2 }^) ’ 


(5) 


where we have separated the dependence on the naive and the anomalous dimension. 
M k (g) are the finite normalizations of the 2-point functions of the renormalized opera¬ 
tors 6 . 

Let us stress that, while f,j , Z k j and M k can in general depend on both even and 
odd powers of the coupling constant g, the physical anomalous dimensions, 7 *., can only 
be functions of g 2 . Compatibility among equations a and 0 implies the matrix 
equation 


Z(e fi ,g) f 


[x 


yy 


, 9 ) Z*(e 2 fj?,g) = [(x-y)V] ^ } M{g ), 


( 6 ) 


where r (g 2 ) and M(g) are the diagonal matrices of anomalous dimensions and normaliza¬ 
tions of the 2-point functions respectively. Unitarity implies that M k (g) are all positive. 
Thus, since there exists a basis in which both / and Z are real, the anomalous dimensions 
are also all real. 

We write eq. © in two special cases, namely 
- for e 2 p 2 = 1 and (x — y) 2 p 2 = 1 /p which yields 

Z{ 1 , 9 ) ) Z'(1,0) = P r( ' ,a) M(g ), (7) 


- for e 2 p 2 = p and [x — y) 2 p 2 = 1 which yields 


Z(p,g) f(p,g) Z\p,g) = M{g) . 


It follows that if Z(l,g) is a solution of eq. ©, then 


Z(p,g)=p-i r ^ Z( 1, 9 ) 


( 8 ) 

(9) 


is a solution of eq. ((HI) . The last relation has a simple intuitive meaning, one first defines 
by means of Z(l,g) the operators with well defined scale dimension, then renormalizes 
them by the factor (e 2 p 2 ) _ 2 r (s ). Tims the p dependence in Z(p, g) factorizes and we have 
to solve only eq. O for the unknown Z(l,g) and T(p 2 ) for a given function f(p,g ) and a 
choice of M(g). 

6 Although the 2-point functions can be always normalized to one, as we shall see it is convenient to 
relax this constraint, so we shall leave these normalizations as free parameters for the moment. 
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Rather than trying to solve explicitly these relations (like in |31|h in this paper we 
shall study the implications of their general structure. In order to simplify the notation 
we shall denote Z(l,g) by Z(g). Then equation Q can be written as 

d 

J2 z ^s)Z- k 1 (9)M t (g)p' r - (3 ' ) = fij(p,g) ■ (10) 

k=\ 

Introducing the definition 


A%( 9 ) = Z7 k \g)Z^(g)M k (g) (11) 

and expanding both sides in power series in ln(p) 


fiji.Pi d) = 


(Hp)Y 


n\ 


F n 


(9) 


pik(g 2 ) = yy 


(ln(p)) r 


n\ 


(7 M))' 


( 12 ) 


we get for every n > 0 

d 

k =1 

Note that although the range of all three indices i,j and k in the above equation is the 
same (from 1 to d), the first two (* and j) label the bare regularized operators, while the 
last one, k, labels the renormalized operators. 

Let us now specialize to the case of Af = 4 SYM with a gauge group SU(N). All the 
quantities in the theory will depend also on the number of colours N. If we take this into 
account then equation m becomes 


d 

E 4(9. N ) M» 2 . N )T = KM V) 

k=\ 


(14) 


for every n > 0. 

The properties of the renormalized operators are independent of the choice of the 
basis of bare regularized operators. We shall use this freedom, and choose bare operators 
which do not contain explicit non-rational dependence on N. Such a choice indeed always 
exists, for example the pure colour traces which do not contain any explicit N dependence 
satisfy this requirement. With such a choice of basis of bare operators, since the colour 
contractions can produce only factors rational in N, the rhs of eq. m can be expanded 
in power series in g as 

OO 

J0(s.J») = E» 2 " t 'if, ( ’ l (J v ), (15) 

p =0 


5 




where R^ P \N) are all rational functions (ratios of polynomials) of N. Note that even if 


all R "4 are rational, F-) can still be non-rational functions of N due to the infinite 

LJ > L / 


*7 


sum 


in eq. f 1 15 [1 . 

Expanding in power series in g also the lhs of eq. (1141) (and in order to simplify the 
notation again suppressing the N dependence) and putting 

7 k(g 2 ) = g 2 7fc 1} + g A i [ k ] + g 6 7® + • • •, 


4 (g) = 4r + ^4 ) + ^ 2 4r + ^ 3 4r + ^ 


V 


V 


V 


V 


+ 


(16) 

(17) 


we get 


9 2 "E(4 , )"4 0, + 

/" +1 E(7 1, )”4 <1, + 

k 

s 2 " +2 E(7 1, )“"(«4 (0| 7 2, + 4 (2> 4 1, ) + 

k 

rEWK 7f+«) + 


2n+4 


E H 


,wY~ 2 ( n ( n ~ x ) A m 

2 ij 


( 2 ) 

7 k 


. ,fc(0) (3) (1) . 

+ nA i % 7fc + 


"4 (2, d 2, d 1, +4< 4 >(7») 2 ) + .... as) 


Note that since the terms involving 4/^ with P even/odd are always multiplied by an 
even/odd power of g the corresponding equations are decoupled. So let us first consider 


the system of equations involving only 4^ with p even. Comparing eq. (USD and eq. m 


we find 




^fc(o) _ R n ( 0 ) 


E (4 

k =i 

4iTV«°N 2) +4 2, 7 


_ p n (2) 

- R l3 


(19) 

( 20 ) 


k= 1 


fc=l 


(i)V“ 2 fw (n - 1) m 
2 


( 2 ) 

Tk 


. ,fe( 2 ) ( 2 ) ( 1 ) 

+ ™4 Ik ik + 


«4j 0 7f l 7f , + 4f Y 


= R 


,n( 4) 

4 


( 21 ) 
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and so forth. 

In order to proceed we shall make an important assumption, namely that the order 
g 2 corrections to the anomalous dimensions, 7 ^, of the operators in the same class are 
non-degenerate, i.e. they are all different. We shall return later to the more complicated 
degenerate case. 

We shall first analyze the system of equations (ESI) which involves only the first cor¬ 
rections to the anomalous dimensions of the operators 7 Let us define 

50 = 1, 

51 = 

s, = EdNL 

k\<k 2 

*- , 2 / , 7ki Tfc 2 ^k 3 J 

ki<k 2 <k 3 

( 22 ) 

Sd = 

Then the system of equations m implies 

d 

S £ Rl +d ~ e (0) = 0 , (23) 

e=o 

for every n > 0. From this it follows that 

- all S £ are rational functions of N\ 

- all yj? * are roots of a degree d polynomial equation with coefficients rational in N 

ftf) = Es(f')'So; (24) 

£=0 


- an arbitrary (fixed) power of 7 ^ can be written as a polynomial of degree not higher 
than d — 1 in 7 ^ with coefficients rational in N. Indeed with the help of eq. (12411 we can 
express (”/ f P) d and all the higher powers in such a form. 

We shall need also the following properties: 

Property 1. Any polynomial (^(y^, 7 ^, ■ ■ ■, 7 ^) with coefficients rational in N, 
totaly symmetric in its d arguments, can be written as a rational function only of N. 

Indeed, since Q s is totally symmetric, it is invariant under the permutation of its 
arguments. Hence it can always be expressed as a polynomial (with coefficients rational 


7 


in N ) in the basis of permutation invariants Si,, Sd, defined in eq. ( 1221 ) (which are also 
rational functions of N). 

Property 2. If Q is an arbitrary rational function (ratio of polynomials) of 4, 
k — 1,... ,d, with coefficients rational in N, then it can be written in an equivalent form 
as a polynomial in y^, k — 1,... ,d, with coefficients rational in N. 

This follows by noting that by an appropriate multiplication with a polynomial in 
7)7 we can complete the polynomial in the denominator of Q to a permutation invariant, 
which due to Property 1. is a rational function only of N. 

Property 3. If <5 i(7i 1 ^; 7 ^, ■ ■ ■ , 7 ^) is a rational function of all its arguments, sym¬ 
metric in 7 ^,... , 7 ^, with coefficients rational in N, then it can be written as a poly¬ 
nomial in yj 1 * (of degree not higher than d — 1) with coefficients rational in N. 

First, the denominator can be eliminated as in the previous case without changing the 
symmetry of Q\. Second, due to the symmetry in 7 ^,..., 7 ^, we can write the resulting 
polynomial in terms of the permutation invariants of 7 ^,... , 7 ^, which in turn can be 
expressed in terms of Se of eq. El and 7 ^. In particular one has 

= Si + 7i 1} , (25) 

2<k 

E - 7b E 4 = + Ti 1) (s, + 7b) . (26) 

2<ki<k2 2 <k 


and so forth. 

After these rather long preliminaries let us return to the system of eq. dH. We can 
solve it for A k ^ as functions of 7 ^, 7 ^,..., 7 ^. The solution 

4 (0, = < 0) (db {7 (1, }\7b) (27) 

is a rational function, symmetric in the d — 1 variables {y^lXy^- Thus by Property 3. 
we can write it in an equivalent form as 

4 0) = E (4)'. ( 28 ) 

e=o 


where are rational functions of N. Note that they do not depend on k, i.e. on the 
particular operator in the class of renormalized operators. 

Let us now proceed to the more complicated system of eq. PH, which contains both 
the first and the second corrections to the anomalous dimensions of the operators and 


(‘2') 

X k . We can rewrite it in the form 


E (d 11 )" 4 W = 4 (2) - « E a T d 2> 

k k 

(tL )” 1 = • (29) 

Repeating the derivation of eq. ( 1331 ) from eq. ( 1131 ) we can exclude all A\j 2 ' 1 and obtain a 
system of equations, for every n > 1 , involving only Sg and W£j 

d 

Sg = 0 . 

1=0 

(30) 

This is a linear system for 7 ^, whose solution (if we use 
non-degeneracy of all 7 ^) has the form 

also eq. ( 1331 ). and the assumed 

7 f = 7 k ] ( 7 ^; {7 (1) }\7j^ 

1 . (31) 

which implies for every k — 1 ,,d 


d 2) = E d 2) (^> (d 0 )' ■ 

1=0 

(32) 


Here r\ (N) are rational functions of N, which do not depend on k. Let us stress that 
although for demonstrating this we made use of a particular basis of bare operators 
(e.g. pure colour traces), the rationality property is independent of any choice of basis, 
since the anomalous dimensions are invariant properties of the renormalized operators. 

Neglecting the iV-dependence, which is particular for the J\f = 4 SYM theory, equa¬ 
tion E2D implies that in any CFT the order g 4 correction to the anomalous dimension of 
every operator can always be written as a polynomial in the order g 2 correction to the 
anomalous dimension of the same operator. The coefficients of the polynomial are the 
same for different operators belonging to the same class of renormalized operators. 

Inserting eq. ( 1331 ) into eq. © and solving for A^ we fold also 

4 P = Edfw (Y)', (33) 

e=o 

where af-^' are again rational functions of N, which do not depend on k. 

We are now ready to solve the system of eq. m■ Substituting in it eqs. (BED, (El 
and El and bringing the terms in the first line to the rhs, we get 

E (dT 1 (»4T d 3) +4 <4) d 1 ’) = , 04) 

k 


9 


where R are again rational functions of N, because they differ from R'-j^ by a totaly 

symmetric in 7 ^ (k = 1 expression. This system is similar to the system in 

eq. m, so it is immediate to write its solution, namely 


= E -f (AO (d 11 )' , 

e=o 

(35) 

and 

d— 1 


= E 4 4) '(ao (d 1 ’)'. 

e=o 

(36) 

with rf 1 and a^ e rational functions of N. 


Proceeding in the same way, and taking into account also the equations for A^ with 
p odd implied by eqs. (fT51) and (|THD, we derive 

= E r«(JV) ( 7 < 1 >)' 

£=0 

(37) 

and 

d—1 


4“ = E ““'(ao (7b)' 

1=0 

(38) 

for every i , j, k and p with coefficients r ^ and af^ rational in 

N and independent of k. 


It follows, from eq. (HUD, that in any CFT any fixed order correction to (and hence also 
the total perturbative) anomalous dimension of every operator can always be written as 
a polynomial in the order g 2 correction to the anomalous dimension of the same operator 


7 k(g 2 ) = ^2 w £ ( 9 2 ) (7fc 1} ) • (39) 

e=o 

The coefficients of the polynomial, wi ( g 2 ), are universal, since they do not depend on k 
and hence are the same for different operators belonging to the same class of renormalized 
operators. In particular, in J\f = 4 SYM, the functions wt> ( g 2 ) have a power series 
expansion in g 1 with coefficients r < f' > rational in N. 

So far we considered the generic case when the order g 2 anomalous dimensions are 
just roots of a degree d polynomial with coefficients rational in N (see eq. (12411 ). It often 
happens that this polynomial can be factorized as a product of two (or more) polynomials, 
with coefficients still rational in N, 

pR* > ) = p*Rk > ) p*M > ) = o. ( 40 ) 


10 


In this case the class of operators naturally splits into two subclasses, one containing di, 
the other d 2 = d — d\ operators. All the statements about the permutation invariants and 
their N dependence are valid separately for each of the two subclasses, so we can write 
eq. © in the following equivalent form 

7fci(f/ 2 ) = J3 (0 2 ) (t^) ’ 
e=o 

lk 2 {g 2 ) = v/(s 2 ) ( 7 ^) ’ ( 41 ) 

e=o 

where 7 ^, j — 1,2 are the roots of ( 7 ^) = 0 respectively. We have decreased the 
degree of the polynomials in this expressions, but at the price of using different functions 
U£ and vg for the two subclasses of operators. Note that the number of variables is the 
same for both representations since d = d\ + d 2 . Moreover, if the functions wg ( g 2 ) admit 
a power series expansion in g 2 with coefficients rational in N, so will the functions Ug and 
vg. As a consequence of eqs. © and ©, 7 ^ at all orders in perturbation theory will be 
given by the roots of a polynomial of degree not higher than dj. Hence the factorization 
of the equation for 7 A implies the factorization of the equation for all 7 ^. Thus the 
dimensions of the closed (in the sense of eq. ©) one loop subclasses are preserved to 
higher loops. The generalization to more than two factors in eq. © is straightforward. 

The factorization of the polynomials defining 7 ^ (like in eq. (I40[) 1 is of particular 
importance in J\f = 4 SYM theory. The reason is that, on the one hand the operators in 
J\f = 4 SYM are organized in large supermultiplets with typical number of components 
of the order of 2 16 , all with the same anomalous dimension 7 (g 2 ). On the other hand, 
the relevant quantum numbers for the resolution of the mixing problem considered in this 
paper are the naive scale dimension A 0 and the spin s of the operators and the SU( 4) 
representation to which they belong. Hence, in general, the set of d operators we start 
with may contain both operators which belong to similar supermultiplets (with the same 
quantum numbers of the naive, for g — 0 , lowest component and the same number of 
components) and to essentially different supermultiplets (with different quantum num¬ 
bers of the naive lowest components and/or different number of components). It turns out 
that the factorization properties of the polynomial Pd defining 7 ^) describe exactly this 
structure. To be more precise, if the order g 2 corrections to the anomalous dimensions 
of two operators are roots of a non-factorizable (with coefficients rational in N ) polyno¬ 
mial, then these two operators belong to similar supermultiplets. The proof follows by 
noting that if two supermultiplets are essentially different then there exists at least one 
component which belongs to only one, say the first, of them. Let us consider the class 
of renormalized operators corresponding to such a component. It follows that this class 
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will contain an operator belonging to the first supermnltiplet, but will not contain an 
operator belonging to the second supermultiplet. This contradicts our assumption that 
the polynomial is non-factorizable, and hence has as roots always both anomalous dimen¬ 
sions. In other words, if two operators belong to essentially different supermultiplets then 
their order g 2 anomalous dimensions will be roots of different factors of the polynomial in 
eq. (TTOl) . Hence we can identify the subclasses of renormalized operators with the families 
of essentially different supermultiplets. The functions, ( g 2 ) and vg ( g 2 ), in eqs. (TTT1) 
will be universal for all the similar supermultiplets within each family. Whether the in¬ 
verse is also true, i.e. if the factorization of the polynomial implies that the respective 
supermultiplets are essentially different is an open challenging problem. 

An important particular case of factorization is when the order g 2 anomalous dimen¬ 
sion of some operator Ok, 7 ^, is a rational function of N (this corresponds to some 
dj = 1), as e.g. for the components of the Konishi supermultiplet /C in the J\f = 4 SYM 
theory. Then it follows that for such an operator all perturbative corrections, 7 ^, will be 
rational functions of N. Still the complete anomalous dimension, being an infinite series, 
may not share this property. 

Before proceeding, let us briefly comment also on the degeneracy problem. So far 
we have assumed that the order g 2 corrections to the anomalous dimensions of the op¬ 
erators, 7 ^, are non-degenerate, i.e. they are all different. This assumption is essential 
in deriving the unique representations for the higher order anomalous dimensions (see 
e.g. eq. (|37|l ). Indeed, if two order g 2 anomalous dimensions, say 7 and 7 ^, are equal 
then the determinant of the coefficients in eqs. m - (EiD is zero. There are two dis¬ 
tinct types of degeneracy. On the one hand there are operators which have exactly the 
same anomalous dimension to all orders in perturbation theory e.g. since they belong 
to the same supermultiplet. There is no way to lift this degeneracy by considering only 
the 2-point functions and one has to take into account also some 3-point functions to 
distinguish such operators. On the other hand it may happen' that the degeneracy is 
removed at some higher order in perturbation theory. That is, there exists some q such 
that 7 ^ 7 ^ 7 ^ (more precisely we want that all the q -th order anomalous dimensions 
are not degenerate). I 11 this case, repeating all the derivations, one can show that all the 
above formulae remain valid if we replace 7 ^ by jj. 9 \ hence all anomalous dimensions 
can be written as polynomials in the non-degenerate order g 2q anomalous dimensions 7 ^ 
(with coefficients independent of k and rational in N). We are convinced that it is more 
efficient to solve the degeneracy problem case by case, depending on the properties of the 
particular operators at hand, rather than to develop a general prescription. Thus in the 
rest of the paper we shall treat again only the non-degenerate case. 

7 Although we are not aware of any explicit example of this kind in JV = 4 SYM. 
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3 Normalizations of the correlation functions 


Given the universality and rationality properties of the anomalous dimensions in eqs. (HUD, 
dm, a natural question arises: Are there, and if yes under which assumptions, similar 
formulae for the normalizations of the 2 -point functions of the renormalized operators, 
M k (g), which enter eq. (151)? In other words, can we normalize the renormalized operators 
in such a way that 

d ~i e 

Mk(g) = £><(», AO ph) , (42) 

1=0 

where rrq ( g , N) are functions independent of k which admit a power series expansion in g 
with coefficients rational in N. A sufficient condition is the existence of a rational mixing 
matrix 

Z&) = X>,'toW)( 7h)\ (43) 

i=0 


such that z\ ( g , N ) are independent of k functions which admit a power series expansion in 
g with coefficients rational in N. Indeed eq. (1431) . together with equations (ED and (HP , 
imply eq. (®. Let Z R be a matrix of, rational in N, eigenvectors of (F°(g)) 1 (F 1 ^)), 
such that 


Z R (g) F 1 (g) (Z R (g)y'=T(g 2 ), 


(44) 


with F°(g) and F l (g) defined in eq. ( 1121 ) . Such a matrix always exists, since by expanding 
in power series in g the eigenvector condition and using the rationality in iV of F°, F 1 
and T one proves the existence of eigenvectors rational in N. The polynomial form of 
eq. (1431) . and hence also of eq. (I42[) . then follows. On the other hand, Z R (g) diagonalizes 
simultaneously F° and F 1 as required for a mixing matrix 


Z R (g) F°(g) (Z R (g)y = M(g ). 

Z R (g)F\g) (Z R (g))' = M(g)T(g 2 ). (45) 


In fact there exists a (unique) unitary mixing matrix Z [21.. which satisfies eqs. (145|) with 
M(g) = 1, and thus also eq. (1441) . Then it follows that Z R and Z can be related by a 
real diagonal matrix D(g), such that Z R (g) = D(g)Z(g ), which in turn implies eqs. ED 
with M(g) = D 2 (g). Note that there is the residual freedom of multiplying from the left 
the matrix Z R (g) by a diagonal matrix with entries polynomial in 7 ^ and rational in 
N. Such a transformation preserves the polynomial structure of both eqs. (T£T1) and (TE21) 
but modifies the values of M k (g). However in general it is not possible to get M(g) = 1 
by such a transformation, hence the standard unitary mixing matrix Z of ins has entries 
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non-rational in N. This explains also why we did not impose the standard normalization 
condition on the 2 -point functions in eq. ©• 

The generalization to the case of higher point functions is as follows. The normaliza¬ 
tion, C'fc 1 fc 2 fc 3 , of the 3-point function (O kl (xi) O k2 (x 2 ) O k3 (x 3 )) has the following repre¬ 
sentation 

= E ^ (®) (tS ) )“ (iS)“ ■ («) 

3 

A similar expression holds also for the OPE coefficients defined as 


Cfata^g) = ^jrrr ■ («) 

M k 3 (g) 

Both these quantities will depend on the particular normalizations of the 2-point functions 
of the respective operators, M k (g), and thus have no invariant meaning. In fact the only 
physical quantities, that are independent on any normalization choices, are the ratios 


T klk2k3 (g ) 


{^-'kik 2 k 3 {g')) 


M kl {g) M k2 (g) M k3 (g) ' 


(48) 


Note that, unlike C klk2k3 (g ) and C klk2 k3 (g ) which may depend both on even and odd 
powers of g, T klk2ka (g 2 ) is a function of g 2 only. Combining eqs. (BHll and (H21) we find 

= E ‘“'’to 2 ) (df)' 1 (A>)'’. («> 

iiMs 


where the functions t ei£2 ^ 3 ( g 2 ) do not depend on the choice of the operators in the 
three classes of renormalized operators. In particular, in J\f = 4 SYM, the functions 
tr i ^ 3 ((j( 2 ; N ) will have a power series expansion in g 2 with coefficients rational in N. 
Given the 2- and 3-point functions all higher n-point functions can be obtained by the 
OPE. 


4 Conclusions 

In the framework of CFT we derived a representation for all the perturbative corrections 
to the anomalous dimension of any given gauge invariant operator as polynomials in its 
one loop anomalous dimension, eq. ©• In the case of Af = 4 SYM with gauge group 
SU(N) we have proven that the coefficients of these polynomials are rational functions of 
the number of colours N, (see eq. ©)• 

Since our considerations do not modify the number of unknown functions, it might 
seem that this is a completely equivalent representation but, as we shall argue, in Af = 4 
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SYM this is not the case. The reason is twofold. On the one hand, due to the rationality 
property of eq. ©, at each given order in perturbation theory, we express d arbitrary 
functions of A, 7 ^ (A) , in terms of the same number rational functions of A, r^ p \N). This 
has also an important technical implication, since in this way we are able to reconstruct 
the exact analytic form of the anomalous dimensions from solutions which are necessarily 
numerical for a large number of operators. On the other hand, the universality property 
of eq. (|T|). combined with the factorization properties in eqs. (HDD, m implies that the 
functions wg ( g 2 ) are universal for all the operators which belong to a family of similar 
supermultiplets (with the same quantum numbers of the naive lowest component and the 
same number of components). In other words the naive scale dimension Ao, the spin s and 
the SU(4) representation of the lowest component determine the whole set of functions 
{we (g 2 )}- Hence to compute the perturbative anomalous dimension of any operator in 
the theory, 7 fc((? 2 ), in principle it is sufficient to specify its one loop anomalous dimension, 
7 ^, and the family of similar supermultiplets to which the operator belongs. 

This suggests that it should be possible to obtain along these lines general formulae 
for the anomalous dimensions in J\f = 4 SYM theory. As an illustration that, if it exists, 
such a representation is far from obvious we shall write down the polynomial form of the 
order g A anomalous dimensions of the scalar operators of naive scale dimension A 0 = 4 in 
the 20 ' representation of the SU (4) R-symmetry. There are four superprimary operators 
of this kind m One is protected, while the order g 4 anomalous dimensions of the other 
three are given by 8 


v (2) _ 


N 2 


(A 6 - 188A 4 + 1596A 2 - 1040)^ 


lk (4ti r 2 ) 2 4(A 6 + 116A 4 - 1180A 2 + 800) _ 

2(5A 6 - 133A 4 + 532A 2 - 220)% + (3A 2 - 2)(3A 4 - 112A 2 + 500) , (50) 


where k 


1, 2, 3 and % = 7 *. 1 ) /( 4 ~z) are Hie roots of the cubic equatio: 


A 2 // 3 - 8 A 2 ?? 2 + 10(2 A 2 - 1)7] - 5(3 A 2 - 2) = 0 . 


(51) 


The details of the calculation, as well as the expressions for the normalizations of the 
3-point functions and the OPE coefficients involving these operators will be presented 
elsewhere m- 
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